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1. INTRODUCTION 

For decades, the harmonic oscillator model (HOM) has been 

used in many aspects of science as a model that is able to 

describe the inter nuclear potential energy of the vibrational 

motion. It is found that HOM is very useful at lower energy 

levels "n", but it completely fails at higher numbers of "n". 

Considering higher nth-order corrections to the potential of 

HOM changes it into the anharmonic oscillator, where the 

easy parabola curve of the potential energy is now replaced 

by the Taylor series. The HOM just uses the quadratic term in 

the Taylor series that is purely the first term only. However, 

when the series included diatomic molecule vibrations in the 

Hamiltonian operator, the Schrödinger equation can be 

solved by some methods which should be mentioned. 

An Anharmonic oscillator phenomenon (AOP), which is well 

known in physics, has been studied by many researchers 

during the last 50 years, where largely coupled oscillators 

with cubic and quartic anharmonic are considered in order to 

model the molecular properties. Indeed, this topic is still a 

very interesting subject in both theoretical and experimental 

studies and it has applications in the various fields of physics 

especially in the solid-state physics [1], mathematics, and 

chemistry [2-6]. One of the most popular applications is the 

interpretation of the diatomic molecule's vibration spectra in 

chemical, classical and quantum physics [7-9].  

Finding analytical solutions for the potential of HOM with 

higher-order corrections is a fruitful subject for scientists. In 

[2], for example, an exact solution for the classical cubic 

anharmonic oscillator is derived, and the first-order terms 

were computed in the perturbation series of the anharmonic 

correction. The self-consistent harmonic approximation is 

then employed for quartic oscillators, and its use for 

higher-order anharmonic oscillators was indicated. 

Nonperturbatively, the Hill determinants was considered by 

Bender in [5] to calculate the ground state as well as excited  

 

𝐻𝑚 =  − 
𝜕2

𝜕𝑥2 +  𝜆𝑥2𝑚, m = 2, 3, 4, … . For the λx4  

 

energy levels of the generalized an 

harmonic  oscillator defined by the Hamiltonian 

oscillator, the ground state eigenvalues, for various values of 

λ, have been compared with the Borel-Padé sum of the 

asymptotic perturbation series for the problem.   Chaudhuri et 

al. [10] applied the improved Hill determinant method with a 

variable parameter to the general polynomial quantum 

anharmonic oscillator and multiwall oscillator problems. 

Okan Ozer et al. [11] obtained the energy eigenvalues of 

quartic and sextic type anharmonic potentials by using the 

asymptotic Taylor expansion method (ATEM). 

In some cases, however, figuring out analytical solutions for 

potentials of anharmonic oscillator would be extremely 

complicated tasks that can often yield complex expressions 

of little practical value. For such cases, numerical solutions 

are certainly much more useful and easier to obtain. J. V. 

Aguiar et al. [12] presented a variable-step Numerov method 

for the numerical solution of the Schrödinger equation. 

Balkrishna P. applied the numerical method for the second 

order differential equation for the solution of the wave 

function of a harmonic oscillator quantum mechanically in 

classical as well as non-classical region and for anharmonic 
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Abstract: In this paper, we use power series method (PSM) for solving the anharmonic oscillator potentials with form 

of: 𝐕(𝐱) = ∑ 𝐛𝐢𝐱
𝟐𝐢𝐍

𝐢=𝟎 . We perform, then, a comparative study between the proposed method and the other existing 

methods including Numerov method (NM), and Asymptotic Iteration Method (AIM). In comparison between all these 

methods, results by power series method show that PSM provides a fast convergent series and values that are more 

accurate. Additionally, PSM leads not only to the eigenenergies, but also to the associated normalized wave functions.  

Our results are illustrated by both the analytical and numerical solutions based on power series method 
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oscillator. He applied the Numerov’s method for evaluating 

the wave function with initial condition [13]. Using the 

asymptotic iteration method (AIM), T. Barakat [14] 

calculated the eigenenergies for the anharmonic oscillator 

potentials 

𝑉(𝑥) = 𝐴𝑥2𝛼 + 𝐵𝑥2. In [15], T. Barakat et al. used the AIM 

to study the quantum anharmonic oscillator potentials𝑉(𝑥) =
∑ 𝐴𝑗𝑥𝑗2𝛼

𝑗=2 , with (𝛼 = 2) for quartic, and (𝛼 = 3) for sextic 

asymmetrical quantum anharmonic oscillators. An adjustable 

parameter β was introduced in the method to improve its rate 

of convergence. E. Ateser et al. [16] studied a new bounded 

Coulombic potential for the Schrödinger equation, and H.  

Ciftci studied the quantum quartic anharmonic oscillator 

problem [17].  

In Refs. [18-20] different numerical methods including WKB 

approximation, Padé approximation, the coupled-cluster 

method (CCM), and variational Hartree approximation are 

described and applied for eigenvalue calculations. 

Additionally, F. Maiz and S. AlFaify [21] reported a new and 

simple numerical method to solve anharmonic oscillator 

problems. They introduced a new solution based on the Airy 

function approach, and applied it on the sextic and octic 

oscillators systems. N. Al Sdran and F. Maiz [22] applied 

Numerov method and the airy function approach together to 

study the anharmonic oscillators potential 𝑉(𝑥) =  𝐵𝑥2 +
𝐴𝑥2𝛼.  It is found that the obtained results were in a good 

agreement with the previous results obtained by the 

asymptotic iteration method. 

In this paper, we formulate the problem in Sect. 2.  On 

the following section, we solve the problem by recalling 

some existing numerical methods such as Numerov (NM) 

and the asymptotic iteration (AIM) methods.  Then, we 

establish the solutions for the same problem but by 

considering now the analytical and iteration power series 

methods (APSM and IPSM).  In Sect. 4, we introduce a 

numerical study that will focus on the proper conditions and 

particularly the appropriate procedure for parameters choice.  

Sect. 5 concerns the discussion of results achieved by the four 

methods (NM, AIM, APSM, and IPSM) for ten anharmonic 

oscillator potentials. Finally, a comparison between the 

methods has been used throughout this paper and the 

conclusion is in Sect. 6. 

2. PROBLEM FORMULATION  

Solving the one-dimensional time-independent Schrödinger 

equation is a fundamental and primary step in order to 

calculate the energy eigenvalues for anharmonic oscillator 

potentials. Without loss of generality, We assume throughout 

this paper, that ℏ2 = 2m   excepting if declared, the 

time-independent Schrödinger equation may be written as: 
d2ψ(x)

dx2 + (E − V(x))ψ(x) = 0(1)                                          

where ψ(x)  is the wave function, V(x) =
∑ bix

2i = b0 + b1x2 + b2x4 + ⋯ + bNx2NN
i=0  is the 

anharmonic symmetric potential energy and E  the energy 

system. According to Barakat [14] the solution of 

Schrödinger’s equation can be written as:   Ψn(x) =

fn(x)e−βx2
.  Where β is an adjustable parameter and has been 

introduced to improve the rate of convergence of the series 

[15]. However, it is clear that the choice of the suitable 

parameter to obtain the good results quickly without violating 

the principle of the method is not obvious.   To solve our 

problem, firstly, we will remind and apply the Numerov 

method and the asymptotic iteration approach; secondly, the 

analytical power series method and iteration power series 

method will be introduced and applied. Methods and results 

will be finally discussed and compared. 

 

3. NUMERICAL METHODS 

a. Numerov Method (NM) 

In order to determine the energy eigenvalues, we need to 

integrate Eq.(1) with respect to x, for a given value ofE. 

Starting atx = xo, i.e, with some specified values for x = xo 

andx = x1 = xo + ho, where ho = L/n is the step interval,L 

the wave function width of spreading and nthe number of 

interval constituting the wave function spreading region, see 

figure 1. 

 
Figure 1: discretization of the wave function 𝛙𝐧 on its 

width of spreading L (𝐱𝐨 = 𝟎). 

Using the notation xn = xo + nho andψn = ψ(xn), we have 

to solve for ψ2, ψ3,……, given ψo and ψ1[18]. 

A Taylor series for ψ(x + ho)gives 

ψ(x + ho) = ψ(x) + hoψ(1)(x) +
1

2
ho

2ψ(2)(x) +
1

6
ho

3ψ(3)(x) +
1

24
ho

4ψ(4)(x) + ⋯(2) 

The primes of ψ(x)  i.e. ( ψ(1) , ψ(2) ….  ) in Eq.2 denote 

derivatives with respect to x. 

By adding this to the series for ψ(x − ho)  , all the odd 

powers of  h vanish: 

ψ(x + ho) + ψ(x − ho) = 2ψ(x) + ho
2ψ(2)(x) +

1

12
ho

4ψ(4)(x) + O(ho
6)    (3) 

We can therefore write the second derivative which occurs in 

the Schrödinger equation, Eq. (1), as: ψ(2) =
1

ho
2 (ψ(x +

ho) + ψ(x − ho) − 2ψ(x)) −
1

12
ho

2ψ(4)(x) + O(ho
4)          (4) 

We evaluate the term involving the 4th derivative, and 

Substitute the results to get  

the Numerov algorithm for one-time step with  k(x) =

√E − V(xn) 

ψ(x + ho) =
2 (1−

5

12
ho

2k2(x))ψ(x)−(1+
1

12
ho

2k2(x−ho))ψ(x−ho)

1+
1

12
ho

2k2(x+ho)
  (5) 

Settingxn = xo + nho, and definingkn = k(xn), this can be 

written more precisely as: 

ψn+1 = (2 (1 −
5

12
ho

2kn
2) ψn − (1 +

1

12
ho

2kn−1
2 ) ψn−1)/

(1 +
1

12
ho

2𝑘𝑛+1
2 ) (6)                                            

 The Numerov method, Eq. (6), can be used to determine 

ψn  for n = 2,3,4, …  given two initial values, ψo  and ψ1 . 

http://www.sciencedirect.com/science/article/pii/S0375960105010273
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This equation leads to the following equation known as the 

energy quantification condition or termination 

condition: ψn = 0 . The energy levels are numerically 

obtained, they were with high accuracy and achieved using 

n=10000 and L=6. The total error of this method is in O(ho
5) , 

i.e. a 5-th order method.          

b. Asymptotic Iteration Method (AIM) 

Consider this form of solutions:  Ψn(x) = fn(x)e−βx2
. Where 

β is an adjustable parameter introduced to improve the rate of 

convergence.   Introducing this form of solutions into Eq.1 

leads to a more suitable second-order homogenous linear 

differential equation for fn(x). 

fn
(2)

− 4βxfn
(1)

− (−4β2x2 + 2β + V(x) − En)fn(x) = 0 (7) 

The systematic procedure of the asymptotic iteration method 

begins now by rewriting Eq. (7) in the following form: 

 

fn
(2)

= λ0(x)fn
(1)

 + s0(x)fn(x) = 0 (8) 

Where   λ0(x) = 4βx(9) 

and      s0(x) = −4β2x2 + 2β + V(x) − En(10) 

 

The primes of fn(x)  i.e. ( fn
(2)

 and  fn
(1)

) in Eqs. 7 and 8  

denote derivatives with respect to x.In order to find a general 

solution to this equation we differentiate Eq.7 with respect to 

x, we obtain   

 

fn
(3)

= λ1(x)fn
(1)

 + s1(x)fn(x) = 0(11) 

Where    λ1(x) = λ0
(1)(x) + s0(x) + λ0

2(x)(12) 

and      s1(x) = s0
(1)(x) + s0(x)λ0(x)(13) 

Likewise, the calculations of the (k+1)th, and (k+2)th 

derivatives,  k=1,2,..., give:  

fn
(k+1)

(x) = λk−1(x)fn
(1)

(x)  + sk−1(x)fn(x)(14) 

and 

fn
(k+2)

(x) = λk(x)fn
(1)

(x)  + sk(x)fn(x)(15) 

respectively, where 

λk(x) = λk−1
(1) (x) + sk−1(x) + λ0(x)λk−1(x)(16) 

and    sk(x) = sk−1
(1) (x) + s0(x)λk−1(x)(17) 

  The ratio of the (k+2)th, and (k+1)th derivatives, can be 

expressed as: 

d

dx
(ln (fn

(k+1)
(x)) =

fn
(k+2)

(x)

fn
(k+1)

(x)
=

λk(x)[fn
(1)

(x)+
sk(x)

λk(x)
fn(x)]

λk−1(x)[fn
(1)

(x)+
sk−1(x)

λk−1(x)
fn(x)]

(18) 

 

For sufficiently large k, one can now introduce the 

“asymptotic” aspect of the method [14, 17] that is:  

 

δ(x) =
sk(x)

λk(x)
=

sk−1(x)

λk−1(x)
(19) 

 

We can use Eq.(19) to achieve the eigen energiesEn,  and also 

it may be simplified as: 

 

∆k(x, β, En) = sk(x)λk−1(x) − sk−1(x)λk(x) = 0 .                    

(20) 

This condition known as the termination condition is a 

function of three parameters:   the eigenenergies En , the 

adjustable parameter β and the position x.  The eigenenergies 

En  are the problem unknowns.The   adjustable parameter 

β introduced by this method in order to improve its rate of 

convergence should be positive otherwise the normalization 

condition of the wave function will be violated. T. Barakat 

[15] used this method for many values with β=1, 2,... and 
kept the ones that appeared to yield the best 
convergence rate, i.e.  the minimum number of iteration. 

c. Analytic study of anharmonic oscillator. 

In this paragraph, we will analytically study the anharmonic 

oscillator potential.  We will set up two different method 

based on the power series function. From the literature (see 

e.g. [23]), J. Killingbeck described and applied a high-speed 

procedure for eigenvalue calculations based on the use of 

power series to several difficult problems. 

i. Analytic power series method (APSM) 

Back to the time-independent one-dimensional Schrodinger 

equation (1), where the potential energy is given by:  

V(x) = ∑ bix
2i = b0 + b1x2 + b2x4 + ⋯ + bNx2NN

i=0    (21) 
here bN  should be positive real to be sure on the bound state 

energy availability. 

The general solution to equation (1) for this potential is taken 

to be of the form: 

Ψn(x) = fn(x)e−βx2m
                                  (22) 

 The normalization of the wave function requires that m 

should be positive integer and β  positive real. Here f(x) can 

be expressed using power series as (a polynomial function): 

f(x) = ∑ ak
∞
k=0 xk                                                  (23) 

ak are the polynomial coefficient, it is null for the negative 

coefficient index and to be determined for the other.  

However, to be sure on the convergence of the square wave 

function sum, the power series should terminate, this means 

that from a certain rank p which is the degree of the 

polynomial f(x), all polynomial coefficients must be zero:  

a(k>𝑝) = 0.  Precisely, if by chance the function f(x) has this 

expressionf(x) = ∑ ak
∞
k=0 xk = e2βx2m

, the normalization of 

the ψ(x) = f(x)e−βx2m
= eβx2m

 wave function will be 

violated. This is the termination condition; it allows the 

energy values determination. The value of the rink p need to 

be large enough, depending on the desired calculation 

accuracy and the anharmonic oscillator potential complexity 

and the function can be written as: 

 

f(x) = ∑ ak
p
k=0 xk  (24) 

 

taking the first and second derivative of the wave function of 

equation (22) we get: 

ψ′(x) = [f ′(x) − 2βmx(2m−1)f(x)]e−βx2m
                 (25) 

ψ′′(x) = [f ′′(x) − 4βmx(2m−1)f ′(x) − (2βm(2m − 1)x(2m−2) −

4β2m2x(4m−2))f(x)]e−βx2m
(26) 

Where: f ′(x) = ∑  k ak
∞
k=0 xk−1     and    f ′′(x) =

∑  k(k − 1)ak
∞
k=0 xk−2          (27) 

 

Substituting equations (23-26) in equation (1) we get: 

 

[f ′′(x) − 4βmx(2m−1)f ′(x) − (2βm(2m − 1)x(2m−2) −

4β2m2x(4m−2) − E + (b0 + b1x2 + b2x4 + ⋯ +

bNx2N))f(x)]e−βx2m
= 0                             (28) 

 

since e−βx2m
 cannot be zero, we simplify equation (28) to: 

f ′′(x) − 4βmx(2m−1)f ′(x) − (2βm(2m − 1)x(2m−2) −

4β2m2x(4m−2) − E + (b0 + b1x2 + b2x4 + ⋯ +
bNx2N))f(x) = 0               (29) 
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Inserting equations (23, 27) in (29), we get the following 

polynomial like equation: 

∑  k(k − 1)ak
∞
k=0 xk−2 − ∑ (4βmk + 2βm(2m −∞

k=0

1)) akxk+2m−2   + 4β2m2 ∑ ak
∞
k=0 xk+4m−2 +

E ∑ ak
∞
k=0 xk − ∑ bix

2iN
i=0 ∑ ak

∞
k=0 xk = 0 (30) 

To simplify the previous equation, i.e. eliminate the sign sum, 

we are invited to use the table.1 which permits to transform 

the polynomial coefficient and then simplify the collection of 

the same xj: 

Using the results provided by table 1., equation (30) may be 

rewritten as: 

(j + 2)(j + 1)aj+2 − [4βm(j + 2 − 2m) + 2βm(2m −

1)]aj−2m+2 + 4β2m2aj−4m+2 + Eaj − ∑ bi
N
i=0 aj−2i] = 0      

(31) 

and therefore, for the index j + 2 ,  the polynomial like 

equation coefficient is given by  

 

aj+2 =
[4βm(j+2−2m)+2βm(2m−1)]aj−2m+2−4β2m2aj−4m+2−Eaj+∑ bi

N
i=0 aj−2i]

(j+2)(j+1)

                                            (32) 
 

 
TABLE 1:  POLYNOMIAL COEFFICIENT TRANSFORMATION. 

C
o

ll
ec

ti
n

g
 x

j  

before Power key after 

k(k − 1)ak xk−2 j = k − 2 → k = j + 2 (j + 2)(j + 1)aj+2 

4βmkak xk+2m−2 j = k + 2m − 2 → k = j − 2m + 2 4βm(j − 2m + 2)aj−2m+2 

2βm(2m − 1)ak xk+2m−2 j = k + 2m − 2 → k = j − 2m + 2 2βm(2m − 1)aj−2m+2 

4β2m2ak xk+4m−2 j = k + 4m − 2 → k = j − 4m + 2 4β2m2aj−4m+2 

Eak xk j = k → k = j Eaj 

biak xk+2i j = k + 2i → k = j − 2i biaj−2i 

 

To simplify the previous equation, i.e. eliminate the sign sum, 

we are inv ited to use the table .1 which permit to transform 

the polynomial coefficient and then simplify the collection of 

the same xj: 

Using the results provided by table 1., equation (30) may be 

rewritten as: 

(j + 2)(j + 1)aj+2 − [4βm(j + 2 − 2m) + 2βm(2m −

1)]aj−2m+2 + 4β2m2aj−4m+2 + Eaj − ∑ bi
N
i=0 aj−2i] = 0      

(31) 

and therefore, for the index j + 2 ,  the polynomial like 

equation coefficient is given by  
aj+2 =
[4βm(j+2−2m)+2βm(2m−1)]aj−2m+2−4β2m2aj−4m+2−Eaj+∑ bi

N
i=0 aj−2i]

(j+2)(j+1)
(32) 

We note that, in this expression (32), the coefficient indexes 

are odd or even such as: 

If  j  is even, we evaluate the even coefficients aj+2 with 𝑗 =

0,2,4, … . , j − 2N + 1, j − 2N, j − 4m + 2, j − 2m +
2   and   and j + 2 

However, If  j  is odd, we deduce the odd coefficients aj+2 

with  1,3,5, … . , j − 2N + 1, j − 2N, j − 4m + 2, j − 2m +
2   and   and j + 2. 

In order to simplify the problem, it is advantageous to reduce 

the number of coefficients in the expression (32). Since m is 

positive integer, we propose to maximize the index  j −
2m + 2   in the right side of the equation and thenj = j −
2m + 2, this means that  m = 1 and the exponential function 

is reduced to the well-known Gaussian function. 

Sequence of (32) depends here on the decay parameter β of 

the wave function exponential term and the energy level 

value. The convergence of this sequence depends absolutely 

on  β, and the number of iteration n is very important. For 

each eigenenergy, we found many couple of (β , n). 

When n exceeds p, the termination condition is set up by: for 

any n>p,  an = 0 , practically we must certainly check many  

an>𝑝 and not stop at the term an=p only. 

i. Iteration power series method (IPSM) 

Consider this form of solutions of equation 1.: Ψn(x) =

fn(x)e−βx2
, as in the asymptotic iteration method established 

on paragraph 3/b.  Assuming that the function fn(x)  may be 

written as in Eq. 24:  

f(x) = ∑ ak
p
k=0 xk(33) 

 

The same systematic procedure leads to equations: 

fn
(2)

− 4βxfn
(1)

− (−4β2x2 + 2β + V(x) − En)fn(x) = 0  

(34) 

fn
(k+1)

(x) = λk−1(x)fn
(1)

(x)  + sk−1(x)fn(x)    (35) 

fn
(k+2)

(x) = λk(x)fn
(1)

(x)  + sk(x)fn(x) (36) 

where 

λk(x) = λk−1
(1) (x) + sk−1(x) +

λ0(x)λk−1(x)andsk(x) = sk−1
(1)

(x) + s0(x)λk−1(x)(37) 

Since,  f(x) = ∑ ak
p
k=0 xk     the   (p + 2)th  and (p + 1)th  

of this function are null (fn
(p+2)

(x) = fn
(p+1)

(x) = 0), and 

leads to the equations system:   {
fn
(p+2)(x) = 0

fn
(p+1)(x) = 0

  and we 

get the homogenous system:  

{
λp(x)fn

(1)(x)  + sp(x)fn(x) = 0

λp−1(x)fn
(1)(x)  + sp−1(x)fn(x) = 0

. This set of equations 

is true for any values of fn
(1)

(x)  and fn(x)  then the 

expression: 
∆p(x, β, En) = sp(x)λp−1(x) − sp−1(x)λp(x)                                          

(38) 

should vanishes (the same condition as in Eq. 20). This is the 

termination, it is function of:   En, β, and the position x in 

addition to the integer p. 

For the ten first energy levels of many anharmonic 

oscillators’ potentials, we will apply the APSM for many 
couple (β, p) and retain the ones that appeared to yield 
the best convergence rate,  based on the choice of the 
small common value of p that reduce the time allowed to 



 
KKU Journal of Basic and Applied Sciences  

P a g e  | 5 

 

 

successive derivations and normalizations of the wave 
function. 

4. NUMERICAL STUDIES 

In the previous numerical methods, the choice of the 

appropriate values for the couple (β,p) is very significant. In 

fact, the computational process is becoming easier, quicker 

and more accurate as the value of p is becoming smaller. 

Iteration methods use successive derivations that are very 

hard for high number of iteration, especially for complex 

potentials energy.  To illustrate how the choice procedure for 

the values of (β,p) is made, the parameters choice on the 

sextic potential energy  𝑉(𝑥) = 𝑥6  is done as an example 

(see Table 2).  

Table 2 shows the first ten eigenenergy levels values for the 

values of (β= 4, 5,and 6). The values of iteration, which can 

be set as n or as p, is equal to the high power of 𝑓𝑛(𝑥), indeed 

one can say that (β,p) = (β,n). For the first energy level 

 

TABLE 2: THE COUPLES (β,p=n)  FOR β BETWEEN 4 AND 6 AND THE 

FIRST TEN ENERGY LEVELS. 

V(x) = x6 

n β i Ei 

80 4 0 1.144801 

80 5 0 1.144801 

100 6 0 1.144801 

100 4 1 4.338597 

100 5 1 4.338597 

100 6 1 4.338597 

100 4 2 9.073083 

100 5 2 9.073083 

100 6 2 9.073083 

100 4 3 14.935168 

100 5 3 14.935168 

100 6 3 14.935168 

120 4 4 21.714164 

100 5 4 21.714164 

100 6 4 21.714164 

120 4 5 29.299645 

120 5 5 29.299645 

120 6 5 29.299645 

140 4 6 37.613086 

120 5 6 37.613086 

120 6 6 37.613086 

140 4 7 46.59521 

100 5 7 46.59521 

120 6 7 46.59521 

160 4 8 56.1993 

120 5 8 56.1993 

140 6 8 56.1993 

160 4 9 66.38728 

140 5 9 66.38728 

140 6 9 66.38728 

 

(𝑖,𝐸𝑖=0,1.144801), the convergence is obtained for the values 

of  (β= 4,5, and 6) after (n=80,80,and 100) iterations 

respectively. On the other hand, for the tenth energy level (𝑖,
𝐸𝑖=9, 66.38728), the convergence is obtained for the values 

of β: 4,5, and 6 after n=160,140,and 140 iterations 

respectively. A more general calculation for an integer β 

between 1 and 20 and n between 20 and 300 leads to the 

suitable couple for which the convergence is achieved for the 

first ten energy levels simultaneously: (β,p)=(5,140) . 

Generally speaking, we find that by setting the values of β, p 

to be directly (β,p)=(5,140), the convergence is certainly 

achieved for the first ten energy levels simultaneously.  

In Table 3, our numerical studies cover ten potentials energy; 

four simple quantum wells, five double quantum wells, and 

one triple quantum wells.   For these potentials energy, table 

3 shows the results of the choice procedure to the appropriate 

couple (β,p). We note that for the harmonic oscillator 

potential the suitable couple is founded to be (β,p)=(1,100). 

We remark that the values of these parameters increase with 

the complexity degree of the potential. 

 
TABLE 3: THE APPROPRIATE VALUES FOR THE COUPLES 

(β,p) FOR POTENTIALS ENERGY. 

 Potentials β n  
well 

number  

1 x4 2 100 1 

2 x6 5 140 1 

3 x8 8 180 1 

4 x8 + x2 9 180 1 

5 x8 − x2 10 160 2 

6 x4 − 4.9497x2 3 100 2 

7 x6 − 4.9497x2 6 140 2 

8 x8 − 4.9497x2 18 180 2 

9 −26x2 + 6x4 + x6 8 140 2 

10 21x2 − 4x4 − 4x6 + x8 15 240 3 

 

Figure 2 shows the variations of the ten potentials energy 

V(x)as a function of the position x. We observe that these 

potentials are symmetric; the energy level values start from 

-22.  Moreover, in Fig.2 it is easy to clearly observe both the 

triple quantum well (black curve) and the deeply double 

quantum well (red curve).  
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Figure 2: Variations of the ten potentials as a function of 

the position x. 

5. RESULTS AND DISCUSSIONS 

As applications, the ten potentials energy shown by Table 3 

can be categorized into three groups:  

 Group 1: x4,x6 , and x8. 

 Group 2: x8 + x2 , x8 − x2 , and x2α −
4.9497x2,α = 2,3, and 4. 
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 Group 3: −26x2 + 6x4 + x6, and  21x2 −
4x4 − 4x6 + x8.  

a) Group 1 studies 
Table 4 shows the first ten energy levels for the potential 

energy 𝑉(𝑥) = 𝑥4. They are limited between 1.060362 and 

43.981158, and archived by the four methods (NM, AIM, 

IPSM, and APSM) for (β,p)=(2,100). It is seen that these 

methods give the same results that in turn are in a very well 

agreement with results published by [14].    

In figure 3, the normalized wave functions for the first ten 

energy levels are drawn as functions of position. 

 

Table 5 shows the first ten energy levels for the potential 

energy 𝑉(𝑥) = 𝑥6.  The four methods (NM, AIM, IPSM, and 

APSM) give these eigenenergies for (β,p)=(5,140), and these 

energy levels are between 1.144801 and 66.38728. We note 

that the values of these energy levels are shifted up with the 

potential function degree. Once again, these four methods are 

in agreement between each other and are in agreement very 

well with the published ones in [22].   

 
TABLE 4: THE ENERGY EIGENVALUES BY THE FOUR 

METHODS (NM, AIM, IPSM, AND APSM) FOR THE 

POTENTIAL ENERGY𝑉(𝑥) = 𝑥4, AND (β,p)= (2,100). 

V(x) = x4 

i NM(0.0006) AIM(2.0/100) IPSM(2.0/100) APSM(2.0/100) 

0 1.059829 1.060362 1.060362 1.060362 

1 3.799619 3.799673 3.799673 3.799673 

2 7.455421 7.455698 7.455698 7.455698 

3 11.644854 11.644745 11.644745 11.644745 

4 16.261664 16.261826 16.261826 16.261826 

5 21.238361 21.238373 21.238373 21.238373 

6 26.528347 26.528471 26.528471 26.528471 

7 32.098505 32.098598 32.098598 32.098598 

8 37.922886 37.923001 37.923001 37.923001 

9 43.981367 43.981158 43.981158 43.981158 
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Figure 3: Normalized wave functions curves as functions 

of the position for the first ten states and the potential 

energy 𝑽(𝒙) = 𝒙𝟒. 

 
TABLE 5: THE ENERGY EIGENVALUES BY THE FOUR 

METHODS (NM, AIM, IPSM, AND APSM) FOR THE 

POTENTIAL ENERGY 𝑉(𝑥) = 𝑥6, AND (β,p)= (5,140). 

V(x) = x6 

i NM(0.0006) AIM(5.0/140) IPSM(5.0/140) APSM(5.0/140) 

0 1.145169 1.144801 1.144801 1.144801 

1 4.338561 4.338597 4.338597 4.338597 

2 9.073135 9.073083 9.073083 9.073083 

3 14.935119 14.935168 14.935168 14.935168 

4 21.71404 21.714164 21.714164 21.714164 

5 29.299561 29.299645 29.299645 29.299645 

6 37.61314 37.613086 37.613086 37.613086 

7 46.595163 46.59521 46.59521 46.59521 

8 56.199369 56.1993 56.1993 56.1993 

9 66.38735 66.38728 66.38728 66.38728 

 

In figure 4, the normalized wave functions for the first 

ten energy levels are drawn as functions of position. We note 

that the wave function’s width of spreading decreases from 

6.8 to 5.2 for the energy potentials 𝑥4 and 𝑥6 respectively. 
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Figure 4: Normalized wave functions curves as functions 

of a position for the first ten states with the potential 

energy 𝑽(𝒙) = 𝒙𝟔. 

In table 6, the values of the first ten energy are collated for the 

potential energy 𝑉(𝑥) = 𝑥8 . These energy levels are 

obtained by the (NM, AIM, IPSM, and APSM) methods for 

(β,p)=(8,180).  They start with 1.225821 and end up with 
84.821526. Our four methods are in agreement between 

them, and they agree very well with the approved and 

published ones in [22].    

 
TABLE 6: THE ENERGY EIGENVALUES BY THE FOUR 

METHODS (NM, AIM, IPSM, AND APSM) FOR THE 

POTENTIAL ENERGY  V(X) = X8, AND (β,p)= (8,180).  

V(x) = x8 

i NM(0.0006) AIM(8.0/180) IPSM(8.0/180) APSM(8.0/180) 

0 1.224996 1.225821 1.225821 1.225821 

1 4.755575 4.755879 4.755879 4.755879 

2 10.245579 10.244971 10.244971 10.244971 

3 17.343668 17.343152 17.343152 17.343152 

4 25.809292 25.809268 25.809268 25.809268 

5 35.497785 35.498347 35.498347 35.498347 

6 46.313412 46.314756 46.314756 46.314756 

7 58.180201 58.180621 58.180621 58.180621 

8 71.039481 71.0486 71.0486 71.0486 

9 84.843002 84.821526 84.821526 84.821526 

 

In figure 5, the ten associated normalized wave functions are 

drawn as functions of the position. We note that the wave 
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function’s width of spreading decreases from 5.2 to 4.6 for 

the energy potentials 𝑥6 and 𝑥8 respectively. 

 

b) Group 2 studies  

c)  

Table 7 shows the first ten energy levels for the potential 

energy  V(x) = x8 + x2. They are limited by 1.491019 and 

86.138083, and achieved by the four methods (NM, AIM, 

IPSM, and APSM) for (β,p)=(9,180). These methods give 

the same results. These results agree very well with the 

carried out and published ones in [24].   In figure 6, the 

normalized wave functions for these energy levels are drawn 

curves as functions of a position.  The wave function’s width 

of spreading is of the order of 4.2. 
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Figure 5: Normalized wave functions curves as functions 

of the position for the first ten states and the potential 

energy   𝑽(𝒙) = 𝒙𝟖. 

 
TABLE 7: THE ENERGY EIGENVALUES BY THE FOUR 

METHODS (NM, AIM, IPSM, AND APSM) FOR THE 

POTENTIAL ENERGY V(X) = X8 + X2, AND (β,p)= (9,180). 

V(x) = x8 + x2 

i NM(0.0006) AIM(9.0/180) IPSM(9.0/180) APSM(9.0/180) 

0 1.491049 1.491019 1.491019 1.491019 

1 5.368791 5.368777 5.368777 5.368777 

2 10.99362 10.99373 10.99373 10.99373 

3 18.191101 18.191104 18.191104 18.191104 

4 26.743535 26.743397 26.743397 26.743397 

5 36.509213 36.509456 36.509456 36.509456 

6 47.393285 47.393412 47.393412 47.393412 

7 59.323557 59.327185 59.327185 59.327185 

8 72.241709 72.246755 72.246755 72.246755 

9 86.099487 86.138083 86.138083 86.138083 
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Figure 6: Normalized wave functions curves as functions 

of the position for the states (i=0, 1, 2, …, 9) and the  

potential energy 𝑽(𝒙) = 𝒙𝟖 + 𝒙𝟐. 

 

Table 8 shows the values of the ten energy levels beginning 

from i=0 till i=9 for the potential energy 𝑉(𝑥) = 𝑥8 − 𝑥2.  

The four methods (NM, AIM, IPSM, and APSM) are used   

with (β,p)=(10,160). These first ten energy levels have 

values ranging between 0.935278 and 83.580498. We note 

that the energy level value for each of them is shifted up with 

the potential function degree. These four methods are in 

agreement between them and they agree very well with the 

published ones in [24].    
TABLE 8: THE ENERGY EIGENVALUES BY THE FOUR 

METHODS (NM, AIM, IPSM, AND APSM) FOR THE 

POTENTIAL ENERGY V(X) = X8 − X2, AND (β,p)= (10,160). 

V(x) = x8 − x2 

i NM(0.0006) AIM(10.0/160) IPSM(10.0/160) APSM(10.0/160) 

0 0.935413 0.935278 0.935278 0.935278 

1 4.113469 4.113468 4.113468 4.113468 

2 9.489969 9.490089 9.490089 9.490089 

3 16.491603 16.49163 16.49163 16.49163 

4 24.871851 24.871692 24.871692 24.871692 

5 34.483958 34.484041 34.484041 34.484041 

6 45.229953 45.229888 45.229888 45.229888 

7 57.033795 57.033429 57.033429 57.033429 

8 69.835231 69.834036 69.834036 69.834036 

9 83.584019 83.580498 83.580498 83.580498 

 

In figure 7, the   normalized wave functions for the first ten 

energy levels are drawn as functions of a position. We note 

that it is for the first time that we meet the case of the double 

quantum well. In fact, the wells are separated by 1.6 and the 

height of the separating barrier is only about 0.5. Since 

𝐸0=0.935278, no states are confined in the wells. 
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Figure 7: Curves of normalized wave functions as 

functions of the position for the first ten states and for the 

potential energy 𝑽(𝒙) = 𝒙𝟖 − 𝒙𝟐. 

 

In table 9, the values of first ten energy levels are collated for 

the potential energy 𝑉(𝑥) = 𝑥4 − 4.9497 𝑥2. These values 

are obtained by the (NM, AIM, IPSM, and APSM) methods 

for (β,p)=(3,100) and ℏ2=m=1.  They range between 

-4.024209 to 14.609542. Our four methods are in 

agreement between them and are in agreement very well with 

the approved published ones by [22].  

 

In figure 8, the ten associated normalized wave functions are 

drawn as functions of a position. We note that the wave 

function’s width of spreading is about 6.8. We remark that 

the two quantum wells are separated by 3.14 and the height of 

the separating barrier is only about 6.12. The quantum 

tunneling effect generates two very close energy levels 

-4.024209 and -4.005871. This is due to the fact that the 

wave functions within each well overlap for these states. 

 
TABLE 9: THE ENERGY EIGENVALUES BY THE FOUR 

METHODS (NM, AIM, IPSM, AND APSM) FOR THE 

POTENTIAL ENERGY V(X) = X4 − 4.9497 X2, AND (β,p)= 

(3,100). 

V(x) = x4 − 4.9497x2    and    ℏ2 = m 

i NM(0.0006) AIM(3.0/100) IPSM(3.0/100) APSM(3.0/100) 

0 -4.024229 -4.024209 -4.024209 -4.024209 

1 -4.005854 -4.005871 -4.005871 -4.005871 

2 -.690589 -.690582 -.690582 -.690582 

3 -.114682 -.114676 -.114676 -.114676 

4 2.004055 2.004038 2.004038 2.004038 

5 3.943681 3.943683 3.943683 3.943683 

6 6.296654 6.29664 6.29664 6.29664 

7 8.866991 8.866989 8.866989 8.866989 

8 11.646333 11.646342 11.646342 11.646342 

9 14.609533 14.609542 14.609542 14.609542 
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Figure 8: Normalized wave functions curves as a function 

of a position for the first ten states and the potential 

energy 𝑽(𝒙) = 𝒙𝟒 − 𝟒. 𝟗𝟒𝟗𝟕 𝒙𝟐. 

Table 10 shows the first ten energy levels values for the 

potential energy 𝑉(𝑥) = 𝑥6 − 4.9497 𝑥2with ħ2 = 𝑚 = 1. 

The four methods (NM, AIM, IPSM, and APSM) give results 

for (β,p)=(6,140) and the values of the first ten energy levels 

are between -1.681753 and 32.071213. We note that the 

energy level value shifts up with the potential function 

degree. These four methods give the same results and agree 

very well with the published ones [22].    
TABLE 10: THE ENERGY EIGENVALUES BY THE FOUR 

METHODS (NM, AIM, IPSM, AND APSM) AND FOR THE 

POTENTIAL ENERGY 𝑉(𝑥) = 𝑥6 − 4.9497 𝑥2, AND 

(β,p)=(6,140). 

 

V(x) = x6 − 4.9497x2  and   ℏ2 = m 

i NM(0.0006) AIM(6.0/140) IPSM(6.0/140) APSM(6.0/140) 

0 -1.681726 -1.681753 -1.681753 -1.681753 

1 -1.346757 -1.346774 -1.346774 -1.346774 

2 1.681838 1.681823 1.681823 1.681823 

3 4.280032 4.280039 4.280039 4.28004 

4 7.735398 7.735397 7.735397 7.735399 

5 11.726555 11.726552 11.726552 11.726554 

6 16.197081 16.197085 16.197085 16.197109 

7 21.100357 21.100363 21.100363 21.100332 

8 26.401432 26.401415 26.401415 26.401631 

9 32.072677 32.072696 32.072696 32.071213 

  

In figure 9, the normalized wave functions for the energy 

levels are drawn as functions of the position. The wave 

function’s width of spreading is of the order of 4.8. 
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Figure 9: Normalized wave functions curves as functions 

of a position for the first ten states and the potential 

energy 𝑽(𝒙) = 𝒙𝟔 − 𝟒. 𝟗𝟒𝟗𝟕 𝒙𝟐. 

 

The four methods (NM, AIM, IPSM, and APSM) are used 

with (β,p)=(18,180) and ħ2=m=1 for the for the potential 

energy V(x) = x8 − 4.9497 x2.   As seen by Table 11, these 

energy levels are between -1.154259 and 43.288097. We 

note that the energy level value shifts up with the potential 

function degree. Once again, these four methods are in 

agreement between them and they agree very well with the 

published ones in [22].   

 
TABLE 11: THE ENERGY EIGENVALUES BY THE FOUR 

METHODS (NM, AIM, IPSM, AND APSM) FOR THE 

POTENTIAL ENERGY 𝑉(𝑥) = 𝑥8 − 4.9497 𝑥2, AND (β,p)= 

(18,180). 

V(x) = x8 − 4.9497x2  and   ℏ2 = m 

i NM(0.0006) AIM(18.0/180) IPSM(18.0/180) APSM(18.0/180) 

0 -1.154271 -1.154259 -1.154259 -1.154259 

1 -0.532652 -0.532674 -0.532674 -0.532674 

2 2.741347 2.741378 2.741378 2.741378 

3 6.28354 6.283531 6.283531 6.283531 

4 10.766027 10.765989 10.765989 10.765989 

5 15.998611 15.99862 15.99862 15.99862 

6 21.913048 21.913064 21.913064 21.913064 

7 28.457876 28.457881 28.457881 28.457881 

8 35.593489 35.593528 35.593528 35.593528 

9 43.288096 43.288097 43.288097 43.288097 

 

In figure 10, the curves of the normalized wave functions for 

the first ten energy levels are drawn as functions of positions. 

The wave function’s width of spreading is of the order of 4. 

a) Group 3 studies  

In table 12, the first ten energy levels values are collated for 

the potential energy  𝑉(𝑥) = −26 𝑥2 + 6𝑥4 + 𝑥6 .  These 

energy levels are obtained by the (NM, AIM, IPSM, and 

APSM) methods for (β,p)=(8,140).  They range between 

-14.471656 to 51.342313. Our four methods give the exact 

results and are in agreement very well with the approved 

published ones [22].    

In figure 11, the ten associated normalized wave functions 

are drawn as functions of positions. We note that the wave 

function’s width of spreading is about 6.8. We remark that 
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Figure 10: Normalized wave functions curves as 

functions of the position for the first ten states and the 

potential energy 𝑽(𝒙) = 𝒙𝟖 − 𝟒. 𝟗𝟒𝟗𝟕 𝒙𝟐. 

 

 
TABLE 12: THE ENERGY EIGENVALUES BY THE FOUR 

METHODS (NM, AIM, IPSM, AND APSM) FOR THE 

POTENTIAL ENERGY V(X) = −26 X2 + 6X4 + X6, AND 

(β,p)=(8,140). 

V(x) = −26x2 + 6x4 + x6 

i NM(0.0006) AIM(8.0/140) IPSM (8.0/140) APSM(8.0/140) 

0 -14.471685 -14.471656 -14.471656 -14.471656 

1 -14.427981 -14.427946 -14.427946 -14.427946 

2 -2.52392 -2.523912 -2.523912 -2.523912 

3 -.690166 -.690176 -.690176 -.690176 

4 6.598558 6.598517 6.598517 6.598517 

5 13.352517 13.352461 13.352461 13.352461 

6 21.606028 21.606006 21.606006 21.606006 

7 30.726966 30.726982 30.726982 30.726982 

8 40.666366 40.666408 40.666408 40.666408 

9 51.342265 51.342313 51.342313 51.342313 

 

the two quantum wells are separated by 2.5 and the height of 

the separating barrier is only about 22.16. The quantum 

tunneling effect generates two very close energy levels 

-14.471656 and -14.427946. This is due to the fact that the 

wave functions within each well overlap for these states. 

 

Figure 11: Normalized wave functions curves as 

functions of the position for the first ten states and the 

potential energy 𝑽(𝒙) = −𝟐𝟔 𝒙𝟐 + 𝟔𝒙𝟒 + 𝒙𝟔. 
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Table 13 shows the ten first energy levels values for the 

potential energy  V(x) = 21x2 − 4x4 − 4x6 + x8  .  These 

values are obtained by the (NM, AIM, IPSM, and APSM) 

methods for (β,p)=(15,240).  They start at 4.318847 and 

end up at 59.048247. Our four methods are in agreement 

between them and agree very well with the approved 

published ones [22].  

 
TABLE 13: THE ENERGY EIGENVALUES FOUND BY THE 

FOUR METHODS (NM, AIM, IPSM, AND APSM) FOR THE 

POTENTIAL ENERGY 𝑉(𝑥) = 21 𝑥2 − 4𝑥4 − 4𝑥6 + 𝑥8, AND 

(β,p)= (15,240). 

V(x) = 21x2 − 4x4 − 4x6 + x8 

i NM(0.0006) AIM(15/240) IPSM (15/240) APSM(15/240) 

0 4.318852 4.318847 4.318847 4.318847 

1 10.629104 10.629122 10.629122 10.629122 

2 11.440981 11.44094 11.44094 11.44094 

3 13.647640 13.647613 13.647613 13.647613 

4 20.197218 20.197195 20.197195 20.197195 

5 26.412922 26.413001 26.413001 26.413001 

6 33.031114 33.031071 33.031071 33.031071 

7 40.727513 40.727485 40.727485 40.727485 

8 49.448176 49.448176 49.448176 49.448176 

9 59.048247 59.048247 59.048247 59.048247 

In figure 12, the ten associated normalized wave functions 

are drawn as a function of a position. We note that the wave 

function’s width of spreading is about 5. For the three 

quantum wells, the height of the separating barrier is about 

14.6. 
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Figure 12: Normalized wave functions curves as 

functions of the position for the first ten states and the 

potential energy 𝐕(𝐱) = 𝟐𝟏 𝐱𝟐 − 𝟒𝐱𝟒 − 𝟒𝐱𝟔 + 𝐱𝟖. 

 

b) Remarks 

We note that the spreading width of the wave functions 

decreases with the degree of power of the potential energy 

function. In our case, this width increases to about 6.9.  

Furthermore, it is found that for certain potential energy some 

states appear to be degenerated.  This degeneracy is due to the 

fact that the wave functions within each well do not overlap 

for these states. Finally, most of previous results are also 

carried out for some potential energy by the helpful of airy 

function approach [21], which gives our results further 

reliability. It is found that those results are in full agreement 

with those results published for the same potential. 

CONCLUSION 

In the present study, we proposed power series method 

(PSM) as an effective approach for solving analytically and 

numerically the anharmonic oscillator potentials. Different 

methods such as Numerov method (NM), asymptotic 

iteration method (AIM) have been used to solve the same 

problem, i.e. the anharmonic oscillator problem, and to 

compare results given by them with the results found by 

PSM.  

The findings of this study show that our method PSM can be 

effectively used to define the proper values for β, which is the 

adjustable parameter, and the values for p, which gives the 

number of iterations. Indeed, these parameters are not clearly 

defined in the other methods rather than PSM.  Moreover, it 

is found that our method requires less number of iterations 

compared with the rest methods mentioned in this study. In 

detail, the termination condition in iteration methods except 

PSM is a function of the number of iteration, adjustable 

parameter and the position x. In contrast, the termination 

condition for the analytical power series method (more 

details can be found in APSM) is a function only of the 

number of iteration and adjustable parameter, since 𝑎0 =
1 and 𝑎1 = 0 for symmetric states and conversely for the 

anti-symmetric states.  

Considering the previous findings, it is found that our method 

PSM is probably easier in calculations, faster in reaching 

convergence, and more accurate compared to other methods 

in this study. Furthermore, PSM leads not only to the values 

of energy levels but also directly to the associated normalized 

wave function. 
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